Choosing the optimal type and size of energy storage for a given hybrid maritime vessels is challenging. Investment cost, fuel saving and energy storage expected life time will be affected by the choices. Furthermore, the optimum choices depend on the operation profile of the vessel as well as safety related constraints in different vessel mode of operations. In addition, the optimum power management strategy will be mode dependent as well as dependent on the type and size of onboard energy storage. Finally, the total system has to fulfill certain safety related rules and regulations that typically both favour the use of storage and set some constraints to the size and the utilization of the storage. In this paper we propose a mathematical optimisation model called OBLIVION that stands for "Optimised Battery Lifetime In Vessels Internal Operations and Networks". OBLIVION is created to support battery investment decisions. Beyond including battery degradation and desired battery lifetime in the choice, the model facilitates analysis of how the investment decisions change for different combinations of vessel operation modes. The key contribution of this paper is the proposed methodology to formulate technical and safety constraints, represent different vessel modes of operation and battery storage degradation in a way suitable for inclusion within mathematical optimisation models. Moreover, analyses that demonstrate how these features affect the storage investment decisions are presented. Mathematical formulations of constraints such as closed and open bus-tie breaker operation, true spinning reserve requirements as well as spinning reserve provided by batteries are included as well.
Introduction

Motivation
All electric ships where all onboard systems are powered by electricity have over the last decades become more and more common [1] . Direct driven propulsion systems are still the preferred solution for some types of vessels, but the increased design flexibility, and the potential for fuel saving offered by all electric ship concepts have reduced the number of vessels build with direct driven propulsion systems. AC based power systems have been dominating, but DC based power systems are now becoming more widespread due to development of more efficient power electronic converters and power electronic based breakers capable of breaking high prospective DC currents. Advantages and disadvantages of DC and AC power systems for ship electrification are illustrated in [2] . For DC based systems it is common to utilize the possibility to allow diesel engines to adapt speed of the engine to the current loading in order to reduce fuel consumption. This flexibility cannot be utilized in pure AC based systems. An upcoming alternative to reduce fuel consumption, especially for AC based systems, is to introduce on-board energy storages. On-board electrical energy storage for the purpose of reducing fuel consumption in vehicles such as cars, buses and trucks has become common practice. As discussed in [3] , the same trend is now emerging in the maritime sector. New builds and retrofits are now being equipped with battery energy storages as supplement to diesel engine generator sets. There are also examples of plug-in vessels that charge in harbour, similar to the ground-based Plugin Hybrids. Finally, there are an increasing number of vessels sailing with batteries as their only on-board source of energy, mostly short distance ferries [4] . This paper focuses on hybrid electrical power and propulsion systems for maritime vessels, that is, vessels powered by diesel generator sets supported by energy storage. The introduction of energy storage in marine power systems might be beneficial for several reasons: strategic loading of diesel/gas engines by operating the storage such that engines are running at a more optimal working point; spinning reserve by reducing the need for having more engines running as a reserve in case of sudden increase in load or sudden reduction or loss of power producing unit; power source in harbour by reducing the need of running engines at very low load or by replacing the need for installation of a dedicated harbour generator; dynamic support and peak shaving by reducing frequency transients through instant support from storage. Moreover, storage can help reducing the need for starting extra engines due to short time load peaks and reducing the rate of change in power outtake from engines that are sensitive to fast load changes (e.g. LNG engines).
However, the inclusion of energy storage presents ship designers with several challenges because there are multiple types of energy storage that can be used and estimating the lifetime of energy storage systems is a complex task. Further challenges arise since vessels modes of operation may affect the choices in the investment decisions. In fact, investment decisions in battery installation are highly dependent on the actual operations performed in the system and therefore should be addressed together in a holistic way. Furthermore, the system design must ensure that the desired lifetime of storage is guaranteed within the predicted operating profile.
The main motivation behind this study is related to the fact that optimal sizing with a properly designed energy management strategy is required to maximize the benefits of introducing the energy storage. Non-optimal use of storage can easily increase, rather than decrease fuel consumption. It can also be shown that for certain load levels it will be better to use engines only and let storage be inactive.
The knowledge and experience of how to select the best combination and size of energy storage within the required constraints is not in the public domain, and practical system designs depend on recommendations from specialized consultancy services or battery manufacturers. Thus, the present paper aims to make knowledge on design and optimization of marine energy systems available to the wider industry.
The main objective of this study is to develop a methodology for optimized sizing of energy storage in hybrid ship power and propulsion systems where energy storage is operated together with diesel or gas generators.
The potential for reduction in fuel consumption is largest for AC based power systems and less for DC based systems. The DC based systems can adapt engine speed in order to maintain higher efficiency also at low loading, reducing the potential benefit of the storage. This paper will therefore focus on optimization of battery systems for vessels with AC based power systems.
The rest of the paper is organised as follows: Section 1.2 will propose a brief literature review in the field of optimisation applied to vessels systems, followed by Section 1.3 that will illustrate the key contributions of the study proposed in this paper. Section 2 will summarise the main properties to take into account when studying vessels operations while a brief introduction to batteries will be proposed in Section 3 to outline the most important aspects that has to be taken in consideration when including batteries in mathematical optimisation models. The mathematical model will be presented in Section 4 followed by sensitivity analyses and computational experiments thoroughly illustrated in Section 5. Finally Section 6 will discuss the conclusions.
Literature review
Electrification, storage integration, optimal design and control strategy techniques in Vessels have received attention in literature.
The electrification and digitalisation of the marine industry has been underway for sometime already [5] . Due to an increase in electric equipment and systems used for different operational profiles, a transition towards all electric ships took place as vessels needed reliable power generation which could supply the rapidly varying load profiles [6, 7] .
A 2011 study by DNV GL (the world's largest maritime class society) already demonstrated that energy storage technologies represent a substantial potential for improving both fuel economy and reducing emissions in the maritime industry [8] . The importance of energy storage technologies and smart management for DC microgrid-based maritime onboard power systems has been discussed in [9, 10] . The most common energy storage usage strategies for safer, smarter and greener ships have been illustrated in [11] , among which it is worthy to mention in particular enhanced dynamic performance, spinning reserve, strategic loading for fuel saving, zero emission operations and peak shaving. Moreover, the potential of energy storage to reduce the fuel consumption onboard of marine vessels equipped with multiple diesel engine generators has been illustrated also in [12] . Energy management system algorithms based on mixed integer linear programming are proposed in [13] as a suitable strategy for optimal unit commitment in the power generation. The results indicate that optimal energy management algorithms can increase the operational efficiency in terms of fuel savings and reduction in genset running hours. An energy management strategy for hybrid electric dynamic positioning vessels is also presented in [14] with the objective of optimally distributing energy flows between the power sources onboard, including generators and battery energy storages. Similarly, power management optimisation strategies for hybrid power systems in electric ferries are discussed in [15] . The simulation results show the ability of such optimisation strategies to achieve fuel consumption reductions as well as emissions reduction. In addition, in [16] an optimization algorithm is proposed to minimize fuel consumption under various loading conditions and a detailed efficiency analysis of a shipboard dc hybrid power system is carried out.
A review on intelligent design and control strategies for smart ships is proposed in [17] , while a comprehensive review on emerging storage solutions for transportation is available in [18] where sea transportation applications are illustrated together with road, rail and air applications. The economical value of integrating energy storage technologies within maritime vessels is discussed in [19] , while in [20] the feasibility of installing renewable energy generation technologies in combination with Li-ion battery storage is investigated.
Simulation, optimisation, heuristic and meta-heuristics approaches for optimal investments, design and operations in vessels are available in literature. Optimal investment and design of vessels have been extensively studied, using both deterministic and meta-heuristics methodologies. A simulation application to the ageing estimation of a supercapacitor-based ferry is studied in [21] . In this study, a cycle-based formulation is applied to the ageing behaviour simulation of the energy storage unit of an all-electric ferry which only uses supercapacitors as energy storage. A deterministic dynamic optimization problem to find the optimal loading strategy for the ship generators in the presence of a particular energy storage size, is presented in [22] . The model is then run assuming different battery size in order to identify a good design. The optimal design of ship power systems with included photovoltaic, diesel and batteries is studied in [23] where a particle swarm algorithm together with a genetic algorithm are adopted. A genetic algorithm to optimise the design of a hybrid propulsion system for marine vessels is proposed also in [24] while particle swarm techniques are used also in [25] to define the optimal location and size of energy storage within electric ship power systems.
In terms of operational optimisation of vessels, both mixed integer linear/non-linear programming (MILP, MINLP) and meta-heuristics techniques are available in literature. A MILP model is presented in [13] as a strategy for the optimal unit commitment in the power generation of diesel-electric marine vessels. While a MINLP model is presented in [26] where the principles of optimal planning and economic dispatch problems are extended to shipboard systems with flywheel as storage devices. Moreover, an optimisation model together with spline approximation, Karush-Kuhn-Tucker method and linear interpolation is present in [27] to maximise the fuel savings on marine vessels through optimal charge/discharge operations of onboard batteries. In [28] an optimal power management method is proposed so that ship operation cost is minimized, greenhouse gas emissions are limited, and ship power system technical and operational constraints are fulfilled. Particle swarm techniques are used in [29] where a stochastic energy management system for optimised operations in vessels is developed. While a genetic algorithm for the optimal energy production in offshore vessels is presented in [30] . A simulation approach focusing on diesel engines operations to minimise the fuel consumption is proposed in [31] . Simulation is also adopted in [32] where a detailed battery modeling is proposed in terms of technical battery properties and analyses are performed to show how long it will take for the ship owner to have saved enough to be able to buy another battery.
Key contributions
The main contribution of this paper is to propose a methodology to perform optimal selection and sizing of energy storage for a given vessel topology, formulate technical and safety constraints, represent different vessels mode of operation and define storage lifetime requirements in a way suitable for inclusion within mathematical optimisation models. The secondary contribution is to propose analyses that demonstrate how different combinations of load profiles, engine type and size, operational constraints (such as spinning reserve requirements) and mode of operations performed in the vessel, will affect the storage investment decisions and which conditions will penalise or not battery installation. Finally, the third contribution is to propose a methodology to understand the value of storage within vessels and, when batteries are beneficial, maximize the fuel and cost saving by choosing the right type and size of battery for a given vessel power plant.
As outlined in Section 1 there can be different motivations for installing the batteries onboard of maritime vessels. The study proposed in this paper aims at addressing optimal choice and sizing of the battery system for the purpose of reducing fuel consumption. The objective is to present a method to assess if it gives a cost saving to install batteries and, in case it is beneficial, what is the optimal battery type, size and rating to install. There is no doubt that batteries can give significant fuel saving, although not necessarily a cost saving. In fact the installation of batteries does not always automatically reduce the cost enough to pay for the installation. The analyses performed and illustrated in Section 5 clearly show that the potential will be very dependent on load profiles, engine type and size and operational constraints such as spinning reserve requirements in certain operations. Therefore the proposed model aims at providing a methodology to better investigate the actual potential of battery installations within ferries under different scenarios of load profiles, engine types and size, operational constraints and costs.
For the purposes mentioned above, a mathematical optimisation model called OBLIVION has been developed to facilitate rapid vessel design development. OBLIVION stands for "Optimised Battery Lifetime In Vessels Internal Operations and Networks": beyond including battery degradation and desired battery lifetime in the choice, we analyse how the investment decisions change for different operational modes. Four different modes of operations are defined to cover typical ways of operating the power system. One or several of these may be relevant for a specific vessels. The operation mode on a specific vessel varies over time and is typically based on the criticality of the current vessel operation. Hence the key contribution of this study is proposing a methodology to represent particular modes performed on vessels in a way suitable for inclusion within mathematical optimisation models, and analysing how this affects the storage investment decisions taking into account battery degradation. The objective of the model is to find the optimal design and operations for a vessel system in terms of battery choice, sizing and energy flows management among the different energy units by fulfilling the technical constraints that are peculiar of the vessel system. The proposed mathematical model aims at optimising both investment decisions and operational decisions in a holistic way: these need to be optimized together since in general, the optimal storage rating will be different for different power and energy management strategies, given a power system topology and a certain load.
In sum, the contribution of this paper lies in the methodology and the value of a novel tool that can give precious insights in the investment decision making process for maritime vessels electrification. In addition, extensive case studies are proposed to show the versatility of the model and the wide range of analyses that can be performed. The case studies show that the investment decisions in batteries are strongly affected by the different modes of operation of the vessels. Technical operational constraints that have to be fulfilled onboard, have a strong impact on the overall investment decisions. Hence the proposed tool represents a first advanced prototype that is able to provide an optimal solution by taking into account many different techno economic aspects that a traditional manual approach would not be able to address.
To our knowledge, this is the first time that the problem of vessels design and operations is addressed this way, by taking into account energy management strategies, specific operational modes performed on the ships and battery lifetime and degradation issues holistically. None of the works available in literature address the effect of power management strategies and operational modes within mathematical optimisation models. Moreover, to our knowledge, none of the available works analyse the effect that such modes can have on the investment choices in batteries and the way through which the degradation and consequent battery lifetime expectations can affect the final results.
Notes on vessels peculiarities
Maritime vessels come in different sizes and shapes, they may be built for short or long-distance voyages and they can be used for fundamental different purposes with changing criticality. The consequence is that there is a variety of power systems topologies found onboard maritime vessels. Some vessels carry large electric power plants with multiple diesel engine generators supplying onboard activities and multiple propellers and thrusters, while others are equipped with propulsion systems directly driven by diesel engines, that at the same time powers shaft generators to provide the necessary onboard electrical power. The variation in electric power demand is consequently large. A vessel on a long-distance voyage will usually have a much more constant and predictable load demand than a dynamically positions offshore supply vessel trying to stay at a fixed position fighting against varying environmental forces from wind, current and waves. The large variety in vessel design and usage also implies that many vessels are built as one of a kind. They are tailored for their specific intended use according to the owner's request. This is quite different from what is the case in for instance the car industry. In this paper we have selected one specific power system topology to illustrate the methodology and to show how variation in load profile and operation mode affects the optimal choice of energy storage. It is acknowledged that optimization of storage type and size is just an inner loop of the full optimization of the vessel power plant, since the power system topology, including number and size of diesel engines, will also have to be optimized.
The studied system
The system studied is represented in Fig. 1 .The same scheme will be used as a reference for the computational experiments presented in Section 5. In particular, there are two buses (named sections in the document) connected by a bus tie breaker. Every section has a load and two generators. The objective is to choose the optimal type and size of batteries to be installed, either in both sections or just in one of the two sections, by fulfilling the system technical requirements and safety conditions.
The bus tie breaker can be open or close depending on the particular operation performed in a certain time interval (hence open or close bus tie breaker is a time varying input parameter). When the bus tie breaker is close, both storage units and generator units can supply energy to both loads in both sections. When the bus tie breaker is open, every section can rely only on those units that are belonging to the section itself: namely, generators 1 and 2 supply load for section 1, generators 3 and 4 supply load for section 2; load can rely of course also on the battery bank that is eventually installed in each section.
It is assumed that the storage is only charged from onboard engines (not offshore).
Moreover, in certain time intervals some operational modes are active and this affect the system requirements in terms of allowable way to use generators and batteries to supply the load. This will be clarified in the model description.
Typical operating modes
Six different modes of operation are defined to cover typical ways of operating the power system. One or several of these may be relevant for a specific vessel. It is acknowledging that other modes of operation can be relevant as well. The mode of operation on a specific vessel will vary over time and will typically be chosen based on the type of activity and criticality of operations.
The modes included in this work are:
• Mode 00 -This is the simplest mode. In this mode it is accepted that a single failure can lead to a total blackout on the vessel (included loss of all power for steering and propulsion). The only requirement is that the power plant supplies the power required by the loads. Mode 00 will for instance be applicable for an anchored vessel as well as for a vessel in harbor. It may as well be applicable for a vessel in transit in open sea as well as for operations where a blackout has no significant consequences. Operation with battery only is allowed in Mode 00. It is accepted to shut down all diesel engines if the batteries are able to supply the load on their own.
• Mode 01 -In this mode, it is required to have minimum one diesel generator running and connected. Operation with battery only is not allowed. It is however not required to have a generator connected on each section (each side of the bus-tie). This mode will only be relevant if for some reason one does not fully thrust the batteries as the single source of power or if rules and regulations or operational procedures prescribes minimum one running generator for safety reasons.
• Mode 02 -This mode is an extension of mode 00 with reduced risk of blackout in periods where vessel is operating on batteries only. As for Mode 00, it is allowed to operate with battery only. However, in Mode 02, it is required that a minimum (configurable) amount of total stored energy (sum of stored energy on both sections) is available to ensure for instance that at any time there will be enough stored energy to bring the vessel an operation into a safe state in case one get problems with start of one of the diesel engine when batteries approaches a fully discharged state. At least one diesel engine must be started and connected if the total stored energy is less than what is required as minimum.
• Mode 03 -In this mode it is required to have at least one diesel engine running and connected to each of the sections. Operation with battery only is not allowed. In addition it is required that there is a (configurable) amount of free power (spinning reserve) on each section that is instantly available for covering of sudden load increase. This correspond to the classical dynamic positioning operation as well as other critical operations where one needs to ensure that sufficient power is available to handle a worst case single failure. In its simplest form the requirement will be that each section has sufficient spinning reserve to take over all the load of the other section in case that section fails totally.
• Mode 04 -This mode is a variant of Mode 03 for use in critical operations where sufficient power is to be instantly available to handle a worst case single failure. For Mode 04, also the batteries are allowed to serve as a spinning reserve. This reduces the need for additional diesel engines to be connected to maintain the required spinning reserve. The requirement that applies to each section is: a (configurable) amount of free power (spinning reserve) has to be instantly available for covering of sudden load increase. The spinning reserve will be the sum of non-used capacity on running and connected diesel engines and in addition the maximum power that the storage can supply for a minimum configurable time duration.
Notes on battery peculiarities and lifetime
The main battery properties considered in this study are related to energy capacity, efficiency, state of charge, C-rate, lifetime energy throughput and investment costs. The battery capacity is given in kWh.
The nominal capacity is often measured by Ah (number of Amperes that can be taken from battery multiplied by the duration this current can be supplied). In order to work in kWh, the battery capacity will be calculated as battery voltage multiplied by Ah. It is assumed that the voltage is constant and equal to the nominal voltage, which is the reference voltage provided by manufacturers. This is a common assumption when dealing with mathematical optimisation models that involve batteries, like for instance the ones proposed in [33] .
The roundtrip efficiency indicates the percentage of the energy going into the battery that can be drawn back out. We assume that the efficiency in both directions is the same (see [34, 35] ).
Moreover, a constant battery efficiency is assumed for modelling 
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purposes. Assuming a constant battery efficiency is a normal practise when building mathematical optimisation models, especially when it comes to Mixed Integer Linear Programming (MILP) models like the one proposed in this paper. Many other studies available in literature adopt the same approximation when dealing with a wide variety of energy related optimisation problems where batteries are involved. Examples of such works can be found in [36] where the value of batteries for peer to peer trading is investigated; [37] where a MILP model is developed for the design of hybrid wind-photovoltaic systems with batteries; [38] where batteries are used in the context of vehicle to grid applications; [39] where a mathematical model is developed for the sizing and analysis of renewable energy and battery systems in residential microgrids; [40] where a MILP approach for multi-microgrid planning with batteries is presented; [33] where a linear programming approach is developed for battery degradation analyses in off-grid power systems; [41] where optimal sizing of energy storage devices is addressed under uncertainty. The state of charge is the percentage of the available battery capacity, relative to the capacity when it is fully charged. The minimum state of charge defines a limit below which a battery must not be discharged to avoid permanent damage. The so-called C-rate defines the rate at which a battery is being discharged. It is defined as the ratio between the discharge current and the theoretical current drawn under which the battery would deliver its nominal rated capacity in one hour. A 1 C discharge rate means the battery is able to deliver the entire capacity in 1 hour. While a 2 C discharge rate means the battery is able to discharge twice as fast (hence it will deliver the entire capacity in 30 min). In this paper it is assumed that C-rate is the same for charge and discharge.
As illustrated in [42] , in order to track the condition of a battery, different state-of-health methodologies can be used. These methods mainly consist of electrochemical models [43] , equivalent-circuit models [44] and throughput models [45] . An overview of different approaches for battery lifetime prediction can be found in [46] , while a comparison of different lifetime prediction models is available in [47] . Throughput models in particular are widely used and appreciated in literature, see for instance [48] [49] [50] . Moreover, they are also particularly suitable to be integrated within mixed integer linear programming models [33] . Therefore in this paper it has been chosen to measure the lifetime of the battery by the so called lifetime energy throughput B j thr that defines the total amount of energy in kWh that can be discharged before the battery is expected to have degraded to such level that it is no longer suited for the purpose due to lost capacity and increase in losses and internal resistance. The lifetime throughput is derived by the lifetime curve. Such dataset has to be provided by manufacturers and shows how different depth of discharge are associated with the number of residual cycles to end of life (the deeper the discharge, the lower the remaining cycles to end of life). As illustrated in [33] , for every depth of discharge it is possible to calculate a single value of lifetime throughput (multiplying the battery capacity by the depth of discharge and the number of cycles to failure). Then the lifetime throughput of the battery is obtained by averaging all the values of lifetime throughput calculated previously, in the allowable range of depth of discharge. Further information about the lifetime throughput calculation can be found in [51] .
Beyond the lifetime throughput, the model proposed in this paper makes also use of another parameter B j life that defines the desired lifetime of a battery of type j and that it is expressed in years. Through this parameter it is possible to set a target minimum battery lifetime, which defines how many years the model-user wants the chosen battery to last. Therefore, the model will make an optimal combination of investment and operational decisions in such a way that the chosen battery will last for a minimum number of years as desired by the investor who is performing analyses with the model. The set of model equations aimed at fulfilling the battery lifetime expectations will be illustrated in Section 4.3.3. This way of modelling allows performing sensitivity analyses through which the model user can investigate how the decisions change when different target battery lifetime are imposed. An example of such sensitivity analyses will be presented in the case studies of Section 5.5 that will show how prolonging the desired battery lifetime is affecting the way through which the battery charge/discharge operations are performed by the model.
Further information about battery properties can be found in [52] and [53] .
Moreover a broader introduction about the battery technologies can be found in [54] while a detailed reading on a wide variety of mathematical modelling approaches for batteries can be found in [55] .
Mathematical model description
This section will discuss the proposed mixed integer linear programming approach for the design and operation of batteries in maritime vessels. Given the variables and parameters listed in Tables 1 and  2 , the mathematical model for a maritime vessel design and operation follows. We convert energy flows in kW by dividing the kWh variables flows by the factor Δ. Operational costs have to be spread throughout a time horizon T of one year in order to be consistent with the capital recovery factor definition. This means that we assume that the same operations of one typical year will repeat throughout the desired lifetime. Binary variables used for the definition of constraints for equally loaded generators
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The year can be split into typical profiles p represented by a particular type of load. Every typical profile will repeat throughout the year and will therefore be assigned a weight ω p . For instance, if we assume that one typical day will repeat throughout the year, then we can run the model with a time horizon of 24 h and multiply by ω = 365 that is the number of days in a year. We can of course assume to have various typical days in a year and therefore multiply by a different weight ω p that defines the number of times a certain typical day occurs in a year. Moreover, different typical periods can be taken into account by properly defining the time horizon (daily, weekly, monthly, etc.) and the related weights.
Objective function
The objective function minimises the total investment costs TC and operational costs TO.
The total investment costs are given by Eq. (2). The capital cost of each battery units B j cost is multiplied by the decisional variable b j s N , that defines how many units of a battery of type j are going to be installed. Such costs are then multiplied by the capital recovery factor B j CRF that is defined in Eq. (3) and that takes into account the lifetime of the battery B j life and the interest rate r. A capital recovery factor is the ratio of a constant annuity to the present value of receiving that annuity for a given length of time. Using an interest rate r, the capital recovery factor is expressed by Eq. (3) where B j life is the number of annuities received, meaning the forecast lifetime of the battery of type j. The capital recovery factor converts a present value into a stream of equal annual payments over a specified time, at a specified discount rate (interest). It can be interpreted as the amount of equal (or uniform) payments to be received for n years such that the total present value of all these equal payments is equivalent to a payment of one dollar at present, if interest rate is r. The forecast lifetime of the battery is guaranteed by constraint (24) where we limit the battery annual throughput in such a way that the total battery throughput will last for the desired lifetime B j life . 
Operational costs TO are given by Eq. (4) and they relate to the costs of operating the conventional diesel generators. The start up cost occurs only when the generator is turned on and it is obtained multiplying the startup cost G i start by the binary variable g t i p
, , on that indicates if in time t the generator if type i installed in section s is turned on. The cost of operating the generator is illustrated in Fig. 2 , through the blue plot. In particular, as soon as the generator production has a positive value, a fixed cost is incurred. This cost function is not linear and is not continuous. There is a jump at x-axis = 0, as illustrated in the diagram of G i K in kg represents the y-intercept, that determines the point at which the line crosses the y-axis. This term occurs only when the generator is working, and therefore it is multiplied by the related binary variable g t,i,p . Moreover, G i K has to be multiplied also by the factor Δ in order to ensure a proper dimensional equation. Both terms are multiplied by the fuel price G fuel in $/kg in order to obtain the total cost in $.
Note that Eq. (4) works in combination with the constraint (12) on the maximum capacity for the diesel generator in which the variable g t,i,p is linked to the total flow f t i p G , , . Such constraint will be further illustrated later in the model.
Eq. (5) 
Investment constraints
The proposed model is capable to perform both the selection of a certain type of battery among different choices, and the sizing of the battery bank. The selection of a battery of a certain type j is made by using the binary variable b j,s that is equal to 1 if a battery of type j is installed, 0 otherwise. The type of battery is described by certain battery properties that appears in the parameters. The sizing of the battery bank is addressed by using the integer variable b j s N , that indicates the optimal decisions in terms of number of batteries of type j to be installed in section s. Given a topology of the vessel system, the model makes a cost optimal choice of the type and number of storage units. This is in line with the real world situation in which the storage units come with a given discretised size. In fact storage units are available in the market in different given sizes with certain given properties. Therefore, given a database containing different battery units available in different sizes and with different properties, the proposed model is able to choose the best type and how many units of that particular type should be installed to optimise the overall investment and operational costs.
Only one type of battery can be chosen for each section (6) meaning that it is not possible to combine different types of batteries in the same battery bank.
If a battery of type j is chosen, then at least one or more units of this type has to be installed (7)
If a battery of type j is not chosen, then no units of such battery can be installed (8) . For this purpose, the binary variable b j,s is multiplied by a very big number BigM. If a battery of type j is chosen, then constraint (8) will be always verified. If a battery of type j is not chosen, then the left hand side of constraint (8) will be forced to be zero as well.
The number of battery units installed should be within a maximum B qty desired amount and a minimum desired amount B qty ( (9) and (10) 
In fact, space constraints and/or weight constraints might limit the maximum units to be installed. There may also be special reasons for imposing a lower bound on the minimum storage installation, for instance, a certain number of batteries are required anyway in harbour due to pollution or noise issues etc.
Note that the BigM used in Eq. (8) GD . Later constraints will define which generators and batteries can be connected to each load according to bus tie breaker conditions and particular safety requirements. If the load is given in kW, then it has to be multiplied by the factor Δ in order to convert it in kWh and make it consistent with the energy flows on the left side of the equation.
Both flows out of the battery and flows out of the generators are multiplied by the related percentage efficiency, namely B j for the battery and G i for the generators. As outlined through the references illustrated in Section 3, a constant battery efficiency is assumed for modelling purposes and such assumption is a normal practise when building mixed integer linear optimisation models like the one proposed in this paper.
As for the generators efficiency, it is important to highlight that the constant percentage efficiency value G i is for the generator only, not for the complete diesel engine generator set. As described in Section (1) and illustrated in Fig. 2 , the model does not consider a constant efficiency for the diesel engine itself. In fact, the starting point is the specific fuel consumption curve for the diesel engine. The red plot in Fig. 2 represents the fuel consumption in kg/kWh at different kW engine loading at the fixed speed. This clearly shows that the engine is less efficient at low loads (which means non constant efficiency for the diesel engine generator set). The specific fuel consumption curve can be then used to directly create a curve showing the fuel consumption per hour (kg/h) at different kW engine loading. This curve will be much more linear then the specific fuel consumption. The linear approximation used in this paper is shown in Fig. 2 (blue plot) . This is not equivalent to a constant efficiency since the curve does not cross the origin. It is however assumed a constant percentage efficiency G i for the generator only. The load dependency of the generator efficiency has however a very minor effect on the results compared to the load dependency of the diesel engine efficiency. In addition to the observations above, it is also important to highlight that, assuming a constant generator efficiency, is a normal practise when building mathematical optimisation models, especially when it comes to mixed integer linear programming models like the one proposed in this paper. There are other studies available in literature that adopt the same approximation when dealing with a wide variety of energy related optimisation problems where conventional diesel generators are involved, for instance [13, [56] [57] [58] [59] .
Generators operations
Constraint (12) GD should be less than or equal to the generator capacity Ḡ i multiplied by the binary variable g t,i,p that is equal to 1 if the generator is running, 0 otherwise. This way, when the generator is on, the right hand side of constraint (12) is equal to the generator capacity, while when the generator is off, the right hand side of constraint (12) is equal to zero and flows are forced to be zero as well. 
Constraint (13) ). Constraint (13) fulfills the above statements and controls the generators operations properly.
Constraints (14), guarantees that the operation of starting and stopping can't happen simultaneously. If the generator is turned on, the binary variable g
on is equal to 1, but then the binary variable g
off is forced to be equal to zero due to the multiplication by a very big number BigM.
Battery operations
The selection and sizing of the battery has to be done by considering also the forecast battery operations within the considered vessel system. Therefore operational variables are introduced in the model to control the battery operations given a forecast load.
Battery capacity and battery minimum state of charge to avoid permanent damage are defined in constraints (15) and (16 
Desired initial state of charge B soc and final state of charge B soc are defined in (17) and (18) . In this paper, for testing purposes, the desired initial state of charge will be assumed equal to the desired final state of charge. 
Constraints (20) and (21) 
Constraints (22) and (23) 
The last constraint (24) aims at fulfilling the battery lifetime expectations by limiting the total battery throughput along a whole year. 
As outlined in Section 3, the desired lifetime of a battery B j life is an input parameter that is expressed in years. Through this parameter it is possible to set a target battery lifetime, which defines how many years the model-user wants a battery of type j to last. Constraint (24) , is aimed at fulfilling the battery lifetime expectations. The left hand side of the constraint calculates the total amount of energy that is being drawn from the battery throughout a whole typical year; the right hand side of the constraint imposes an upper bound on the total amount of energy that can be drawn from the battery. By dividing the battery throughput , that defines the number of battery units of type j installed in section s. Therefore the available throughput for a year increases linearly with the number of batteries installed. This way it is possible to define the total annual throughput that is available in each year. The model will therefore optimise the battery choice, size and operations in a way suitable to fulfill the desired lifetime imposed by the decision makers. Of course constraint (24) will work in combination with the other set of constraints (15)- (23) that are aimed at managing the battery investment and operations decisions. As all the constraints have to be fulfilled holistically, the investment and operations decisions made by the model will be optimal, given the battery lifetime expectations imposed. This will guarantee an optimal combination of investment and operational decisions in such a way that the chosen batteries will last for a minimum number of years as desired by the model-user who is performing analyses with the model.
Note that the BigM used in Eqs. (22) and (23) can be replaced by a smaller number such as the B j rate parameter in order to have a better formulation that might improve the computational solution time.
Bus tie breaker
When the bus tie breaker is open, the binary variable O t,p is equal to 0 and therefore certain energy flows (namely, flows from units installed in section 1 to units and load in section 2 and vice versa) are not allowed. If the bus tie breaker is open, flows from the batteries in section 1 to the load in section 2 are not allowed (25) .
If the bus tie breaker is open, flows from the battery in section 2 to the load in section 1 (26) are not allowed, as well as those from the generators in section 1 to the load in section 2 (27) .
If the bus tie breaker is open, flows from the generators in section 2 to the load in section 1 are not allowed (28) as well as those from the generators in section 1 to the batteries installed in section 2 (29) . 
If the bus tie breaker is open, flows from the generators in section 2 to the batteries installed in section 1 are not allowed (30) .
When looking at the constraints above, remember that according to Fig. 1, generators 1 and 2 are installed in section 1, while generators 3 and 4 are installed in section 2.
When the bus tie breaker is closed, the binary variable O t,p is equal to 1 and all the above constraints are verified, meaning that all energy flows among all units are allowed because the two sections of the system are connected through the bus tie breaker.
Note that the BigM used in the previous equations can be replaced by a smaller number such as the B j rate parameter for those equations that involve batteries and the Ḡ i parameter for those equations that involve generators. This may lead to a better formulation and improved computational solution time.
Operational modes constraints
The six different modes of operation introduced in Section 2.2 are modeled as follows.
Mode 00 is just the basic vessels management without any particular requirements, therefore it is performed by the whole model as is without any additional constraint.
Mode 01 is implemented through constraint (31) . When the binary parameter M t p , 1 will be 1, then at least one variable g t,i,p will be equal to 1, hence at least one generator will be connected.
Mode 02 is implemented through constraints (32) and (33) . If the total amount of energy stored in the two sections b j s t j s p , , , , SOC will be less than the minimum required amount R, and the binary parameter M t p , 2 is activated, then the binary variable k1 t will be forced to be 1 in order to satisfy the constraint (32) . This will activate the following constraint (33) and force at least one generator to be connected. On the other hand, if the total amount of energy stored in the two sections
will be greater than the minimum required R, then the binary variable k1 t will be free and constraints (32) and (33) will always be verified.
Mode 03 is implemented through constraints (34) (35) (36) (37) . Constraints (34, 35) impose that, if M t p , 3 is equal to 1 (meaning mode 03 is active), then at least one generator has to be activated in each section.
In addition, constraints (36) , and (37) 
Mode 04 is implemented through constraints (38) and (39) for section 1, and through constraints (40 and 41) for section 2. Compared to constraints of the previous mode, there are additional terms related to the power that the storage can supply for a minimum time duration δ by considering that this has to be limited not only by the storage state of charge b t j s p , , , SOC (constraints (38) and (40)) but also by the storage rating B j rate (constraints (39) and (41)). (39) 
Equally loaded generators
Generators can be let free to run at whatever load is required by the optimisation, or they can be forced to be equally loaded when they are connected in parallel. From a real world perspective there are reasons why it is advisable to make sure that generators connected in parallel always share power load equally (in percentage), hence additional constraints that fulfill such requirement can be added. We will need new binary variables for all the possible combinations of connected generators. In particular, when the bus tie breaker is open (O t,p = 0) that means that only the couple of generators 1, 2 belonging to section 1 and the couple of generators 3,4 belonging to section 2 will have to be equally loaded if connected in parallel. On the other hand, when the bus tie breaker is closed (O t,p = 1) a wider variety of connected generators can happen and all the different combinations have to be considered when building such constraints. Hence binary variables z t,p that are equal to 1 only when a certain combination of connected generator happens, have to be added to the model and constraints have to be inserted as follows. Note constraints (45, 49) , (54, 60) are "indicator constraints", used to turn on or turn off the enforcement of the previous related group of constraints.
Open bus tie breaker. Generators 1 and 2
where z t p , 1 is equal to 1 if both generator 1 and 2 are connected, 0 otherwise A similar constraint has to be created for the couple of generators 3
Computational experiments
The model has been developed and tested using Python programming language and the Python-based open-source software package PYOMO.
Computational experiments have been performed considering the system described in Section 2.1 and represented in Fig. 1 . The main objective is to investigate the sensitivity of the model results to different parameters. In particular, the main focus is understanding under which conditions battery installation become valuable for such systems, given the costs and degradation issues included in the decision process.
For that purpose we run the model by assuming different typical daily load profiles p that repeat throughout a year. Figs. 3-5 show the load variations for quay load, low load and high load profiles respectively. The time interval has been set as 30 minutes long, even though lower time resolution would be possible to use as well by just changing the model input settings. Table 3 shows the average and cumulative values of load for the two sections and the different typical profiles.
For such systems it can be assumed a certain number of days per year for quay load profile, low load profile and high load profile. This is expressed by the weight factor ω p in the mathematical model. However, for testing purposes and illustration purposes, we will also show case studies assuming only one profile per year to better identify the effect of the type of load on the model decisions.
Data for battery can be found in Table 4 where B j is the capacity of battery of type j (kWh); B j rate is the power rating of battery of type j (kW);
B j is the efficiency of battery of type j (%); B j thr is the lifetime throughput of battery of type j (kWh); B j cost is the investment cost of battery of type j ($); B j life is the desired lifetime of battery of type j (years). 
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While data for the diesel engines and the generators can be found in Table 5 where Ḡ i is the capacity of generator of type i (kW); G i is the efficiency of generator of type i (%); G i K is the initial value of the consumption curve for the diesel engine of type i (kg); G i start is the start up cost of the diesel engine of type i ($); G fuel is the fuel price ($/kg); G i cons is the marginal fuel consumption that is represented by the slope of the fuel consumption curve (kg/kWh). The discontinuous diesel engine cost function (kg fuel per hour) is shown in Fig. 2 in blue. Shown in the same plot is the equivalent specific fuel consumption (kg/kWh) in red. Following sections will discuss the more relevant results and summarise them in tables. Every table is made of a left side that contains the dataset used and a right side that shows the results in terms of battery installation and costs. The data shown in the left side of the tables are related to type of load, number of days covered by that type of load, type of mode that is activated, bustie condition, number of generators available, free power requirements in each section and minimum amount of total stored energy requirements. By default we considered 4 generators available, 2 for each bus of the system. Note that the free power requirements are expressed in percentage (namely, percentage of the load of the other section). The results shown in the right side of the tables are related to battery installed in each section, operational cost of generators and total costs given by the summation of operational costs and investment costs in batteries. The last column of each table with header "Cost Saving With Bat" will show the difference between the total costs in a scenario in which no batteries are available for installation, and the total cost in an optimised scenario in which batteries are installed: this shows the savings that can be obtained through battery installation, compared to scenarios in which no batteries are installed and only generators have to fulfill the load.
The battery installed will be given by a number that indicates the number of units and a letter that indicates the type of battery chosen, A or B, according to the battery properties listed in Table 4 .
A yellow colour in the tables will highlight those dataset that is varying to perform sensitivity analyses. While an orange colour in the tables will highlight those columns that differentiate two or more tables presented in the same section. This will help the reader in quickly identifying the most important data useful for the understanding of the computational experiments. In the proposed case studies, the choice of battery types is limited to two (see Table 4 ), hence the model can choose if it is better to install a battery with a low power rating and a lower price (namely type A in the table) or a battery with a higher power rating and a higher price (namely type B in the table). Of course the model can handle a wider dataset and more types of batteries can be available to choose from, just like it happens when choosing batteries from a company catalogue. Within the proposed case study, the authors decided to limit the choice to two batteries, because this was allowing a smoother interpretation and explanation of the results. It is important to note that the case studies are proposed mainly to illustrate the model potential. In particular the case study is aimed at validating the model, illustrating its capabilities, showing the type of analyses that can be performed and showing that the model makes logical choices based on the technical requirements.
Effect of type of load
Some preliminary tests have been made to investigate how the different load profiles affect the model decisions in terms of battery installation. For this purpose, preliminary tests have been made assuming that for every run, one of the three load profiles will cover the whole year. Mode 00 has been chosen in order to focus the test on the load effect without having any mode affecting the decisions. Table 6 shows a summary of relevant results. It is possible to note that battery installation happens mainly when it is necessary to fulfill a quay load profile, while for higher load profiles the model will always prefer to run just the generators. This is happening because the investment in battery is proportional to the battery size. The used battery costs are too high to justify investments in big capacity. Therefore, scenarios that require small battery installation (like quay load profiles) are worthier than those that require big battery installation (like low and high load profiles). With a so small load like the quay load, running a generator all the time is not worthy. In this case it is possible to save costs from the generators through a small battery installation that is economically beneficial. With highest load profiles then the investment in battery capacity has to be bigger, which is making the use of the generators more beneficial. It is worthy to note that, for the quay load profile, when batteries are not installed the total costs are 46% higher compared to a situation in which an optimal size of battery is available.
Effect of Mode
From the previous tests it was clear that battery installation was mainly suggested with quay load profiles, hence quay load have been Table 5 Data for the diesel engines and generators. 
Table 6
Effect of the type of load.
used to investigate how different mode activated in the vessels affect the decision making process. Table 7 shows a summary of relevant results. It is useful to note that in real world scenarios mode 03 and mode 04 are usually not active for a quay load profile, but test cases will be shown anyway in the table for illustration and validation purposes. The first line of Table 7 shows the basic results in terms of battery installation when no mode is active. The following lines show how this investment decision is likely to change when different modes are activated on the vessel.
Mode 01 requires to have minimum one diesel generator running and connected, and will therefore penalise battery installation. This is visible on the second line where a lower battery capacity is installed compared to mode 00. The reader might note that in this case more battery capacity is installed in section 1 compared to section 2. This is due to the fact that loads on the two sections are slightly different. If we calculate the cumulative total load of section 1 and we compare it with the cumulative total load of section 2, we notice that the total cumulative load is lower in section 1. We already observed and explained in the first test that the tendency of the model is to prioritise battery installation for smaller load profiles: therefore it is not surprising that the model prioritises battery installation in section 1 where the total cumulative load is smaller. While for a bigger load like the one in section 2, the model will penalise the battery installation and will give way to the use of generators.
Moving towards the third line of Table 7 , we notice that mode 02 will prioritise battery installation due to the requirement of a minimum amount of total stored energy, hence the battery capacity installed with mode 02 is bigger than the one installed with mode 01. Moreover, in mode 02 it is also allowed to shut down generators, while this is not allowed in mode 01. Allowing shutting down all generators increases the value of the storage.
A straightforward question arises regarding how the amount of required storage can affect the model decisions. The fourth line of Table 7 is aimed at giving a first answer: the model was tested with different amount of total stored energy required in mode 02, but it was found that no more than 5 batteries were installed. For higher amount of total stored energy, it was more economical to keep the generator running instead of installing more battery capacity: this can be observed also looking at the total operational costs that are higher in line 4 where more power as reserve is required compared to line 3 (bear in mind that there are costs associated to keep the generators running and connected even without actually serving the load). This is due to two main reasons: the first one is related to the fact that battery costs are proportional to the size, and we already showed previously that above a certain size, the battery installation becomes too expensive compared to the use of generators. The second reason is that in this mode it is possible to operate with generator only, every time that the total stored energy is less than what is required as minimum. Hence above a certain total battery capacity, it is more economical to connect a generator rather than add a further storage unit.
The fifth line of Table 7 shows results when mode 03 is active. As in this mode at least one diesel engine has to be connected in each section, then battery installation is highly penalized. In fact, no batteries are installed in this scenario. In this mode free power is required only from the generators, hence batteries would have been installed only if the generators total capacity was limited (i.e. lower than the peak load for most of the time) and if such capacity had to be used to fulfill the free power requirements. Anyway, the kind of vessels we are looking at here (dynamic positioning) will typically never be loaded to full generator capacity. The reason is simply that they need to operate in such way that if they lose half the power plant, they still are supposed to be able to produce the same amount of propulsion force as before the failure. The consequence is that there will never be a load that is close to maximum installed generator capacity.
Finally, the last line of Table 7 shows results when mode 04 is active. Compared to mode 03, the mode 04 requires an amount of free power that can come also from the batteries. Therefore battery installation is not penalised as in the previous mode.
Let us now spend few words on costs comparisons when batteries are available and when they are not. The highest costs saving is obtained when modes 00, 02 and 04 are activated: for such modes there is 46% increment of costs when batteries are not installed. A lower saving is gained when mode 01 is active, with a 19% increment of costs when batteries are not installed.
We now move to Table 8 to show how the results change when the bus tie breaker is closed.
Note that when the bus tie breaker is open, generators and batteries installed in each sections are allowed to serve only the load of their own section. While a closed bustie will allow all generators and batteries to serve both loads in each section. This means that closed bustie will penalise battery installation: in fact with a closed bustie, the same generator can be used to serve both loads, meaning that lower generator operational costs will be incurred. Hence the generator use with a closed bus tie breaker will be cheaper due to lower start up operations. The same situations can happen with batteries, considering that lower capacity can be installed as the same battery unit can be used to serve both loads. This explains why in Table 8 the battery installation is lower compared to Table 7 , but operational costs of generators are higher (simply because more load is served directly with generators).
It is also important to note that when the bustie is closed 100% of the time, then there is no longer an actual difference in installing battery units in a section or in another: this is because with a closed bustie then it is like having one whole section where generators and batteries are allowed to serve any load. Hence it is the total battery installation that counts in this case. This explains why in Table 8 there is only one column with total battery installation instead of two columns showing the number of batteries installed in each section. Of course this is valid only in representative tests like the one proposed here. In many real life scenarios, there will be a variation of open and closed bustie throughout the year, and therefore identify the amount of batteries installed in each section will always be necessary.
In general, the higher the number of days with a closed bustie is, the more penalised the battery installation will be.
It is therefore not surprising to note that with a closed bustie also the costs saving obtained through battery installation will be much lower. In particular, we can observe that there is just a 4% cost reduction due to battery installation.
Effect of battery costs
We now investigate how the battery price should drop to make the investment worthy in those scenarios in which the current battery costs make them economically not feasible. For this purpose, we run sensitivity analyses with different battery prices and 100% time covered by a low load profile. This is because we noticed in previous tests that batteries were not installed at all when low load profile and high load profile occurred most of the time. Hence a low load is suitable to investigate how much should the price drop to see a first battery installation. Table 9 summarises the relevant results. Different tests are run by considering a different battery cost as a percentage of the current cost. In particular, it was noted that the battery cost had to drop at least 30% of the current cost to make the investment feasible. This is visible in the second line of the table where batteries are installed only in section 1. In order to see further installation in both sections, the cost had to drop at least 28% of the current cost. Table 10 shows how results radically change if the bustie is closed. We already showed in previous tests how bustie can penalise battery installation: hence it is hardly suprising to note that even when the battery cost drops to 28% of the current cost, there is no battery installation for a low load profile with a closed bustie for mode 00.
Effect of fuel price and environmental charges
We now investigate how the fuel price increment can affect the worthiness of batteries in those scenarios in which the current battery costs make them economically not feasible. For this purpose, we run sensitivity analyses with different fuel prices and 100% time covered by a low load profile with mode 00 active. We choose a low load profile for the same reasons mentioned in the previous tests of Section 5.3. Table 11 summarises the relevant results. In particular, we noted that a fuel price increment towards 1.1 $/kg is necessary to make battery worthy. This higher fuel price can be motivated by considering that for instance in Norway there are charges related to the environmental impact of the diesel generators. The charge might be added on top of the fuel cost to build up an environmental cost function. However, tests showed that higher fuel price had an impact on the battery worthiness Table 9 Effect of battery costs. Tests run with a low load profile and open bustie.
Table 10
Effect of battery costs. Tests run with a low load profile and closed bustie.
Table 11
Effect of fuel price. Tests run with a low load profile and open bustie.
only for low load profiles. While for high load profiles, battery was never installed regardless of the fuel price increment. Table 12 shows how results change with a closed bustie. As we already discussed in previous sections, closed bustie will penalise battery installation, hence it is not surprising to note that the fuel price should increase more to make the battery worthy to be installed.
Trade off between throughput and capital recovery factor
We now investigate how the desired battery lifetime parameter B j life affects the model investment decisions.
As outlined in Sections 3 and 4.3.3, the desired lifetime of a battery is an input parameter, expressed in years, which defines how many years the model-user wants each type of battery to last. The modelling approach proposed in Section 4.3.3 allows performing sensitivity analyses through which the model user can investigate how the decisions change when different target battery lifetime are imposed. An example of such sensitivity analyses is presented Table 13 that summarises the relevant results. Increasing the desired battery lifetime will have three main effects.
The first effect is a lower throughput available to exploit in every year. In fact, the longer the desired lifetime of a battery is, the lower the amount of total throughput that can be used in every year will be. On the contrary, the shorter the desired battery lifetime is, the higher the amount of throughput that can be used within every year will be.
Increasing the battery lifetime, will also affect the investment worthiness through the capital recovery factor. In fact, assuming that a battery will last longer, will make the actualised investment worthier, while assuming that a battery will last shorter, will penalise the worthiness of the investment. Hence, a shorter desired battery lifetime will bring a higher throughput to exploit (which may motivate the battery installation because more energy can be available), but for a shorter amount of time (which may penalise installation because the actualised investment costs will be too high).
Increasing the desired battery lifetime will also have a third effect on the battery operational curve. In particular, the battery curve will flatten more and more as the desired battery lifetime increases because less cycles will be possible due to a lower amount of available yearly throughput.
This will carry on until a point in which batteries will no longer be cycled because a too low throughput would be available to be exploited in every year.
Figs. 6-8 show how prolonging the desired battery lifetime is affecting the way through which the battery charge/discharge operations are performed by the model. For each figure, a certain value for the desired battery lifetime has been fixed when running the test. Namely, the target battery lifetime is 5 years in Fig. 6 , 10 years in Fig. 7, 15 years in Fig. 8 . Then the battery energy content throughout the time horizon has been plotted. By comparing the three figures, it is possible to observe that the number of battery charge/discharge cycles will decrease Table 12 Effect of fuel price. Tests run with a low load profile and closed bustie.
Table 13
Effect of desired battery lifetime. Tests run with a quay load profile and open bustie. as the desired battery lifetime increases because less cycles will be possible due to a lower amount of available yearly throughput. As already discussed in previous sections, a closed bus tie breaker penalises the battery installation. Table 14 shows how the results change with a closed bustie for completeness. It is possible to note that the total battery installation is now lower.
Effect of combined types of load
After the premises of previous tests, we are now ready to go through more comprehensive tests with combined types of load and different modes. The year is now split into different typical profiles with different type of loads and different modes active. We are interested in investigating how the weight of different profiles affect the model decisions and what is the effect of different modes active in different profiles. Table 15 summarises the relevant results when a quay load profile with mode 00 activated is combined with a low load profile and a high load profile that have mode 03 activated. It is possible to note that the number of days with quay load affects investment decisions in batteries. In particular, it was noted that 60 was the minimum number of quay days required to make the battery installation worthy. But even with a very high number of quay days, then no more than one battery unit was installed. This is because we already discussed in previous sections that battery installation mainly happens to fulfill just a quay load profile: a case study where the quay load profile is combined with low load profiles and high load profiles, will penalise battery installation because generators are always preferred to fulfill high and low load profiles. Table 16 shows how the results change when mode 04 is activated in low load profile and high load profile.
Compared to Table 15 where mode 03 was activated, two main observations can be discussed: the first thing to observe is that the number of quay days required to make the battery installation worthy is lower when mode 04 is active. In fact, in Table 16 battery installation happens with just 30 days of quay load compared to Table 15 where 60 days were necessary. The second observation is that the operational and total costs in Table 16 where mode 04 is active, are lower than those in Table 15 where mode 03 is active. This is due to the fact that mode 03 requires at least one generator to be always connected for safety reasons, while there is not such a requirement in mode 04. Therefore mode 03 will penalise battery installation (in fact battery installation happens later in Table 15 compared to Table 16 ) and will increase the operational costs due to the cost of the fuel needed to have one or more generators running than it is actually needed to produce the load power. It is acknowledged that many other combinations of open/ closed bus tie breaker with different load profiles are possible, but for the purpose of this paper one is shown for illustration purposes and to give the reader an overview of the importance of analysing the impact of combined types of load on the final decisions.
Combined effect of battery price and profiles weight
In this section we evaluate the combined effect of number of quay days and battery price variations. Table 17 shows the relevant results. In particular, we show how much should the battery price drop to make the battery installation worthy, in different scenarios when different amount of quay days occur throughout the year. As we already discussed that higher number of quay days will motivate battery installation, it is not surprising to note that as the number of quay days Table 14 Effect of desired battery lifetime. Tests run with a quay load profile and closed bustie. 
Table 15
Effect of combined types of load. Increasing the number of quay days. Mode 03 active on low and high load profiles.
increase, then the battery price will have to drop less to make the investment worthy.
Conclusions and future developments
A mathematical model for the optimal investment decisions and operations of battery units within maritime vessels has been presented. The paper shows a methodology to include relevant safety and operational constraints and storage degrading effects in the investment decisions. This encompasses the inclusion of combinations of vessel operational modes, bus-tie breaker operation philosophy and spinning reserve requirements.
An implementation of the proposed model has been used to run storage investment analysis for an example vessel with 4 diesel engines. The case studies proposed in the paper aimed at showing the wide variety of sensitivity analyses that can be performed with the proposed model and therefore the strong potential of such a tool for those in charge of investment decision making. It was shown how the investment analysis is influenced by e.g. different safety constraints and different combinations of operational modes.
The case studies showed that many combinations of dataset can interact with each other and affect the final decisions. The decision making process is therefore very delicate and challenging and requires adequate tools that are able to tackle the different needs and constraints in a holistic way that would not be possible with other manual approaches. Hence a holistic approach given by optimisation techniques is key to find a suitable solution that is able to fulfill all the operational requirements and take into account all the critical properties of the system. The model decisions are seen to be very sensitive to the vessels modes of operation, therefore studying ways to mathematically describe such operations is a key contribution for the scientific community aiming at analysing such systems. It is important to highlight the choice of including a wide variety of case studies to show the type of analyses that can be performed with the proposed model in a way that can be as neutral as possible. The case studies are neither aimed at demonstrating that batteries are strongly needed in marine vessels, nor aimed at demonstrating that batteries do not have any value in marine vessels. They are rather aimed at showing that the combination of different conditions (load, operational modes, bus tie, etc.) will affect the value of storage in different ways. Therefore a proper optimisation tool like the one proposed in the paper, can give precious indications in the decision making process when it comes to understand the value of storage for marine vessels that are supposed to operate under certain scenarios.
Further development towards stochastic techniques that can tackle the uncertainty in the load profile are going to be developed and will be proposed in a following paper where the value of a stochastic solution will be analysed.
The proposed methodology for energy storage sizing can either be utilized as stand-alone or it can also be incorporated in vessel design software tools for optimization of larger parts of the vessel design.
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Table 16
Effect of combined types of load. Increasing the number of quay days. Mode 04 active on low and high load profiles.
Table 17
Combined effect of battery price and profiles weight. Increasing the number of quay days and observe how this affect the battery price variations to make battery installation worthy.
